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PONTRYAGIN ALGEBRA OF A TRANSITIVE LIE ALGEBROID

Jan Kubarski

INTRODUCTION

p
The Cher n— Wei 1 homomor phi sm h of a pri nci pal f i bre bundl e

CpfbD P has been known for some forty years [ C h U . On the

other hand , i n anal ogy to the theory of Li e groups and Lie

algebras, each pfb P has its algebraic equivalent: a

transi ti ve Lie algebroid C tLa!) A<CP2 - constructed on the

basis of the right -invariant vector fields on P . ACP2 is

simply a vector bundle equipped with some structures Cof an

al gebrai c natureD like a structure of a Lie al gebra i n the

module of secti ons.

1 1 turns out that the Cher n- Wei 1 homomor phis m of P is a

notion of the Lie algebroid of this pfb! This means that,

knowing only the Lie algebroid ACP3 of P-PCW , GJ> , one can

uniquely reproduce the ring of invariant polynomials C Vg

and the Chern-Weil hom

the Lie algebra of 6} .

P
and the Chern-Weil homomorphism h. : C VQ D - >//CAfJ> CQ denotes

We pay our attent i on to the fact that thi s holds al though

in the Lie algebroid ACP2 there is no direct information

about the structural Lie group of P!

This paper is in f i nal form and no version of it wi 11 be

submitted for publication elsewere.
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In addition, we must point out two things:

1) A tLa is - in some sense - a simpler structure than a.

p fb . Namely, nonisomorphic pfb's can possess isomorphic Lie

algebroi ds. For example, there exists a nontri vi al pfb for

which the Lie algebroid is tn vial Cthe nontri vial

SpinC3J>-structure of the trivial pfb RFC 53 xSOC 3J> [Kub] D .

2} There exi st "noni ntegrable" *^La* s. ie tLa* s whi ch

cannot be real ized as the Li e al cebr cids of pfb* s. First

examples were constructed by r. Al-eiaa and P.Molino

CAl-Mo] . Csee also [Mo]} basing ^hernsel ves on transwer sally

complete foli ations. The tLa of the f cliation of a compact

si mpl y connected Li e group by the lef *. cc-seis of a connected

and nonclosed subgroup i s an exampl e c; a r.cm ntegrable tLa

[Mo] .

I n connection wi th the above. i"- se-e^s important to

construct the Cher n-Wei 1 homomorphi S.T. c: a *_L-a A in such a

way that it will agree with the Cher r. - ~*&L 1 homomor phism of

any pfb P for which A is its Lie algebroid. In addition,

thi s homomor phism wil 1 probabl y be use: -_:1 *_c investigate some

noni ntegr able tLa's.

Or i gi nal1y, the noti on of a Lie alce-rcid was invented i n

connect!on wi th the study of differential groupoids

CJ.Pradines in [Pra] _ introduced the so-called Lie functor

which assigns a Lie algebroid to any differential groupoid ].

Since each pfb P determines a differential groupoid Cthe

so-called L i e groupo id PP of Ehresnuar^n [ Ehr ] D , therefore

each pfb P def i nes - in an i ndi rect manner - a tLa ACP3.

P.Libermann noticed [Lib] that the vector bundle of this tLa

ACP2 , P=PCW,6J>, is canonical ly isomorphic to the vector

bundle TP/G C i nvestigated earli er by M.Atiyah in the context

of the probiem of the exi stence of a complex connecti on in a

complex pfb [ At ] i . The construction of the Lie f uiictor for

pfb 's with the omission of the indirect step of differential

groupoids was made i ndependently by K.Mackenzie [Mac] and by

the author C K u b ] . .
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LIE FUNCTOR FOR PFB'S

We begin with giving the fundamental Cfor our

consi derations!) def i ni ti on of a tLa and wi th a construction

of the Lie functor . We assume that all the manifolds

consi d<=?red are C and Hausdor f f , and that M - the base of

tLa ' s - i s connected.

Def i ni tion. C Pra] , __. By a trans i. t i ue Lie a.lg&b>roid.

on a mani fold M we shal 1 mean a system

CID

consisting of a vector bundl e A over M and mappings

*5ecA , y: A - *TMt

such that

Ca} CSecA, f - , • ]p is an R-Lie algebra,

C bU y is an epi morphi sm of vector bundles ,

Sec? : S&cA — -*X(M*> is a homomorphism of Lie algebras,

7 for

Let C I D and C A' , I T ' * " ] ] ' • ̂  ' ̂  ^^ two Lie algebroids on the

same mani f ol d M . By a homorriorphism. between them we mean a

strong homomorphi sm H: A - »X * of vector bundles , such that

Ca) ^'o*=r>

C bD SecH: Sec A - tS&cA ' i s- a homomorphi sm of Lie al gebras.

Wi th each tLa Cl 5 we associ ate a short exact sequence

called the A t ilyo/x sec^ence of C l D . g is a Lie

algebra bundle if in each f ibre g. the Lie algebra

structure is defined by: C v, wi : = [[£ , r)T]CxD , i

Csee CAl-Mo] , [Mac] and C K u b ] D .
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For the construction of the Lie June tor, we take any pf b

P=PCW»GJ> with the projection n:P >M and the action

£;PxG »P, and define another pfb TPCTM.TGJ with the

TM and the action R : TPxTG >TP . We canprojecti on TT : TP-

treat G as a closed subgroup of TG (C

the nul1 tangent vector at a 5. The restriction of
Tis then equal to R : TPxG *TP, Cu,aJ> i—•—*CR J> ,

a *w
the action of a on P. We put

:a«=G>, & bei naa* a
to 6

bei ng

- the space of all orbits of R , and denote by n : TP—

i) i *lvl , the natural proj ecti on. By [ Ko-No] , we see that

the structure of a Hausdorff C -manifold, such that TT is

a submersion, exi sts in AC'PJ . I n the end, we def i ne the

*M, >ns:, P. For each poi ntprojecti on p; ACP2

x&M , in the f ibre p "V.O there exi sts exactly one R-vector

space structure such that [v} +tw] =[v+w] if nnCi>3 =nn(wJ>,
r P P

~ bei ng the projection. TTie system <TX<TPJ>, p, M2 is a

3ERCP1 denote the

r tp- -1 •

vec t or bundle [Mac] , C K u b J . Let

-module of all C global right-i nvari ant vector fields

Proposition. C M a c ] , C K u b ]
1 '

For each cross-section

there exists exactly one C right-invariant

vector field 77' <sX <TPJ> such that fr? * <TsJ>.? ~T)(m}. The mapping

C31

is an isomorphism of C CAD-modules.

Now, we define some R-Lie algebra structure I T " ' " ] ] in

the R-vector space S&cA(P5 by demanding that C3D be an

isomorphism of R-Lie algebras. We also take the mapping
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Theorem. [ M a c ] , [ K u b ] , . The object

is a transitive Lie algebroid, A homomor phism

F=CFt ̂ : PCM, GJ> - tP'CM, G'l of pf b ' s C /j : G— > G » - a

homomorphism of Lie groups, FC&a.3=F<C-2} • fj(a.} ] determines a

mapping cZF: XCPJ) - MCP* J> , fvJ i - »£F vJ , which is a

homomor phi sm of Li e al gebr oi ds . The cor r espondence

P I - *A(P2 , F i - n2F, is a covari ant functor C cal 1 ed the

Lie functor for pfb's^m

AN INTERPRETATION OF SECTIONS OF THE LlE ALOEBROID OF THE

LIE GROUPOID GLCf)

Let f be any vector bundle over M and GLCfD - the Lie

groupoi d of al 1 1 i near i somor phi sms between f i br es of f .

Ngo-Van-Que C NVQ] discovered an operator interpretation of

secti ons of the Lie al gebroi ds A(GL(f JO C see al so [ Kum3 and

[Mac] 5. We describe it in a little different manner. For a

section aeS&cf and for xert, we put a : GL(f J>
X X

— i
h i — th CcfCfth32. Then we have the following

,
X

Proposition. Let %<=SecA(GL(f JO. Then the mapping

>.f, Cc?
X X

is a C -section of f, and

a di f f erenti al operator of order <1 such that

. : Secf - »Secf, ex i — *%>f(cr3t

C4D Cf • where X=

Conversely, for any di f f erenti al operator £ of order <1 in

the vector bundle f , such that C4D holds for some Xe3P<T/O,

there exists exactly one section %&$&cA(GL(f JO such that

£=£„ and X=r°? . •
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REPRESENTATIONS OF LIE GROUPOIDS AND LIE ALOEBROIDS IN
VECTOR BUNDLES

By ion of a transitiv& Lie groupoid

i rt a. v&c t or blind l& f Cboth over MD we mean a strong

homomor phi sm T: 3? - »GLC"f J> of Li e groupoi ds ; whereas by a

representation of a. transi t i\>& Lie a,lg&broid A in a. vec tor

bundle ____ f we mean a strong homomorphism T' ; A - >XC~GLCf ->J> of

tLa's. Of course, for a representation T: $ - »GL<TfJ>, the

differential dr.- ACS} - MCGLCfJO is a representation of the

Lie algebroid ^C"$J> in f .

Definition. C al) . For a representation T: $ - >GL(f2 of a

Lie groupoid- $ in f, we define the vector space of

1 nuar ian t sec t i ons of f in the following way

= o-eSecf: , r t ,oih fth.

Cb3. For a representation T' : A - tACGLCf}} of a

transitive Lie algebroid A in f, we define analogously

= o-eSecf; A.o = (
? ^

The following facts play the fundamental role in our

theory:

Theorem 1. Let T: § >GLCfJ> be any representation of a

Lie gr oupoid 4 in f, and dT: AC$3 tACGLCfU i ts

different ial . Then

C a} (TSecf;> cCSecp o t

is connected, then <TSecf,> =<TSecfJ> _o. •if

For a representation T: $

the induced representati on 1

Lie group Gv

»GZ_<Tf.5 and for

x x
i n the vector space

we take

GZ.<Tf. J> of the i sot ropy
I ̂

f , • By|x ||x
denote the space of T -invariant vectors. Then we have
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Theorem 2. For an arbitrary ue(f . J> . , the section
— | x i

a : M - >f , y i - »T<TfxJ>CuJ> , where h«=$ and ah=x, (3h.=y t

is a cor rectl y def i ned smooth i nvari ant secti on , and the

mappi ng

Cf|x^7 —-i-r

is an isomorphism of vector spaces.•

In addi tion, we have the following fact: For an arbitrary

representation T' : A MCGLCf JO of a tLa A in f, each

T' -invariant section o-eC Sec f J> _ o is uniquely determined by

i ts value at any poi nt.

Now, for a tLa A , having C2D as its At i yah sequence*

we define the adjoint represented ion

ad: A

in such a way that £ .,C"o-J> = [r^ , cxTj » o-eSecg. ad induces the

representation ad : A - tACGLvg I) by the formula

, a ^. . . vO1 > = Cyof .XT, a v. . . •vo'
i k i k

In particular, we have

A
a . . . , o- eSecf

In addition, if rS«CSecVSg*^ o, s=l ,2 , , then

k +k
r4vr2e <TSec1V Z g : "^o
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so *CS«?cvg J> o is a s="balgebra of

K. Mackenzie [Mac] proved that if A=AC$3 , then ad is

differential of the adjoint representation Ad: $

defined by: AdCfO-Cr,^ , r , : G - >G , a t - »taft~. x=ah,
h *u /i x v

THE CHERN-WEIL HOMOMORPHISM OF A TRANSITIVE LIE ALGEBROID

aBy a connection in a tLa A=CAt [[' > 'J.J-O we mean

splitting of the Atiyah sequence O - »g< - *A-?-*TM - *O of At

ie a mapping X:TH - >A such that yo\-id . For a connection
TM

X in A , the uniquely deter mi ned morphism of vector

bundles to: A - »g fulfilling co|g = id and Kerw=7mX is

called a connec t ion form of X. By a ciLr-ua.tur& base-form.

Cor a curvature tensor} of a connection X we shall mean

the S-f orm O on H wi th val ues in the vector bundl e q .
M

defined by the formula

Theorem. The mappi ng

vg*J> - »

s T i - > i < r , O
k! M

k — t tmes

is a homomorphism of algebras such that the form y CPD is

closed when P i s i n variant . •

The superposition

hA:

is called the Ch.ern-Wei I h.omorrt&rph.ism of A . I ts image Imh

is a subalgebra of MT/O called the Pontryagin alg&bra. of X.

.1
Theorem. The Chern-Weil homomorphism h. of a tLa A is
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independent of the choice of a connection.•

Now, take any pfb PCAf.CO and let A=ACP2 be its Lie

algebroid. Then, for the Lie groupoid of Ehresmann $=PP

and for the adjoint representation AcL: •$ *GZ_<TgJ> , we have,

by Theor ems 1 and 2, the commuting di agram:

vn. _J er !— v y -' , 'J

JT— i
#

(Vf'a . ) J> _

^^^ ^
^^^^

t<r§ -̂ ^^^
ft. X ^^k

T= 1

f rom whi ch we obtai n that the Cher n- Wei 1 homomor phi sm h of

a pfb P is an i nvar i ant of the Li e al gebr old of P .

Remarks. I/. It is possible to construct the
^4

character! sti c homomor phi sm h of those nontransi ti v& Li e

al gebroi ds A for whi ch ^ is of the constant rank C such Li e

al gebroi ds are cal led

2X. There exists a character! sti c homomor phi sm of f 1 at

C and of parti ally flaO regular Li e al gebroids - an object

analogous to that for f lat Cand for foliatedD pfb's .

3/. The pr oof s of t he above -men t i oned t heor ems wi 1 1

appear i n the next work by the author .
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